Rational solutions of integrable nonlinear wave

models

Antonio Degasperis
Department of Physics, Sapienza University of Rome, Italy

International Workshop on Integrable Systems
Mathematical Analysis and Scientific Computing
Taipei, October 17-21, 2015

A. Degasperis (Department of Physics ) rational solitons 2015 October 21 1/26



HISTORY 1

LINEAR differential equations with constant coefficients
do not have rational solutions

(1977-78) Adler, Airault, McKean, Moser, Ablowitz, Newell, Satsuma
Korteweg-deVries equation  u; + Uxxx — 6UUx =0

un(x, t) = —202log(Pn(x,t)) , n>0
Adler-Moser polynomials : Py =1, Py = x, P = x® + 12t ...

x3 — 24t
u=0,u = u2:6x(

X2’ X3+ 12627

Boussinesq equation Uy & Uxxxx + (U%)xx = 0
motion of poles as many-body system
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HISTORY 2

connection to Painleve’ Il and IV : (1959-1965) Yablonskii—Vorob’ev
polynomials, (1999) Noumi, Yamada (generalized Hermite polynomials
and generalized Okamoto polynomials)

++++++++++++
defocusing Nonlinear Schroedinger equation i 4 Uyx — 2|u?u =0
(1985) Nakamura, Hirota, (1996) Hone, (2006) Clarkson

_9n

o
e T S e e SO AR

focusing Nonlinear Schroedinger equation  ius + Uy + 2|uj?u =0
(1983) Peregrine, (2010) Clarkson, Matveev
Gn 2it
= — >
Un F. e, n>0
Go=1,F=1,Gy =4x?> + 161> —4it — 3, F; = 4x®> + 161> +1, ...
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PEREGRINE LUMP
rational soliton as ratio of polynomials of degree 2
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Figure: background amplitude=1, peak amplitude = 3
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HISTORY 3

” The finite density boundary conditions have meaningful applications
only when x > 0, hence we shall confine ourselves to this case. ”

L. Faddeev and L. Takhtajan Hamiltonians Methods in the Theory of
Solitons, Springer (1986)

recent extensions to other integrable models such as:
@ vector nonlinear Schroedinger equations
@ Hirota equation and coupled Hirota equations
@ three wave resonant interaction model
@ Massive Thirring Model
@ discrete NLS equation
@ several others ................
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GENERAL OBSERVATIONS

@ making a limit :

N+1 N
M(Z) = Z ’)/jekl'z — ekaP(N)(Z) = ekczz Cij , k/ — K
=1 j=0

@ computing the critical value k.

Example : KdV for Adler-Moser polynomials, k. =0

Example : NLS for Peregrine and higher order , k. = +i
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NLS equation
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Figure: Sy = x-part continuum spectrum / Sy = t-part continuum spectrum

A. Degasperis (Department of Physics ) rational solitons 2015 October 21 7126



computing k; 1

preliminary note on Jordan forms : M= TM() T~
M(J) = {njxnj blOCkS} = {mjjnjxnj + ,ujﬁnjxnj}
o 1 -
. . . O 1
Jnxn; i the njxn; unit matrix and Jpxn, =

o = OO

0
n; is the algebraic multiplicity of the eigenvalue m; and 3%,(,,]. =0
if N" = 0 and N™' = 0 then e?N = P,(z)
e = T{e"Py_1(2)} T

necessary condition for p; # 0is n; > 1
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example : NLS equation

U= it —25|Uf®] , Uy=XV | W, =TV  s=+1
Uo(x, 1) = geisdt , Wo(x, t, k) = G(x, t)el(/\(k)x—ﬂ(k)t)

DEFINITION : k. is a critical value of k if A(kc) is similar to a Jordan
form Ay :
Aks)=TA;T7!

A(k) = ( ko —lsa > , M =VkZ —sa?, \p=—Vk2 — sa?

—ia —k
fors=1, ke=+a, fors=—1, ko= +ia, N>(k;) =0

eMNke)X — 1 1 jN(ke)x
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study case : vector NLS equation 1)

[uXX —2(s1 |uM|* + 55 [uB )]
D = iud —2(s1 [uM]* + 5o [u®]*)u®)]
VU, =XV | U =TV

X(x,t,k) = ik + Q(x,t) , T =2ik%c +2kQ + io(Q® — Q)

1 0 O 0 suM* su@e
c=(0 -1 0 |],Q=(u 0 0
0 0 -1 42 0 0
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study case : vector NLS equation 2)

W(x, 1, k) = [1 + (X - X*> P(x, t)] Wo(x, 1, k)

k —x
<u(1)(x,t)>: u{V(x, 1) LRI (21)
u®(x, 1) u(()z)(X,l‘) (|2 = s1|z12 — 852|222 \ 22
1 0 0
T
L —— 10 —s 0
€2 — 81]21]2 — 82|22 0 0 -s

A. Degasperis (Department of Physics ) rational solitons 2015 October 21



study case : vector NLS equation 3)

(1) i(gx—vt)
uy ’(x,t ae
( U(()z)( ! ) = < a;e—i(qx+vt) ) V=0 +2(518 + 585), 3> 0

Wo(x, t, k) = G(x, t)e'Nx=2KD " Ia(k), Q(k)] =0
Z(x,t) = G(x, t)ei(/\(x*)xfﬂ(x*)t)zo
k —isiay —iSyan
ANk)y=| —iay —k—q 0
—iap 0 -k+q
PA(N) = det[\ — A(K)] = A3 + Aa(k)A2 4 Ay (K)X + Ag(k)
A(k) = discriminant of Py(\) = k* + D3k® + Dyk? 4+ D1k + Dy

rational solitons 2015 October 21

A. Degasperis (Department of Physics )

12/26



study case : vector NLS equation 4)

classification of rational solutions by computing :
@ the critical value k.

Alke) =0 , ko # K
@ the similarity matrix T, the Jordan form A, and the matrix Q
Nke)=TA T, Qke) =TQT ", [Ay, Q=0
© the vector

) ~ 4l
ﬂnoemnk“”ﬂ”<w>
73
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CLASSIFICATION - 1

Case [)\1 =X = )\3]

Va7
g#0, ai=a =29, S1=S=-1, kc_i/—q

A opr O R wioprop2
Ao=1 0 XN 1y , =1 0 wi p
0 0 M\ 0 0 wy

K | 11
M=—g o m =2, w1= 50", 1 =430, pz = 4q°

6 0 —i ]

T={ 1 ¢ V38| , 0=5(-V3+i)

e 2
ig* i 0
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CLASSIFICATION - 2

Q@ »=0
<mwnn>_<ﬂww 0 >1(@”>
2 = —i(qx+vt) | PBL 2
u®(x, 1) 0 g lex+vt) | p, ,Dé)
Q@ 1=0

<WW@> <M%m 0 >1(¢”>
2 = —i(gx+ut P 2
u®(x, 1) 0 g lex+vt) | p, Pﬁ )
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VNLS rational solutions 1 (A = X2 = \3)

P x,0) u@(x.0)

Figure: kc:i@,a:32:—1,q:1,a1=32:2;72=1,71=73=0-
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VNLS rational solutions 2 (A = X2

u@x.0)

Figure: ke = iYZl, sy =sp = —1,g=1,a1 =a = 2,71 = i,72 = 0,75 = 1.
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CLASSIFICATION - 3

Case [)\1 = Ao # /\3]

Mop 0N fwop 0
0 0 X3 0 0 ws

Q@ g=0, sy =s=—1 explicit analytical
Q@ qg#0, sy=s , ag=a> explicit analytical
Q@ g#0, a; #a numerical
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VNLS rational solutions 3 (A = A2 # \3)

g=0, s; =s = —1 vector Peregrine solution

u(x, 1)\ _ ot | L (& n M a
u®(x, 1) B\ a B \ —a
L= P, +|fPe?PX | M = 4feP TPy | B = P, + |f|2e?P
ke=+ip, p=\/&+ B, w=2a +3

)\1:)\2:07/\3:_’.107#:_":07011:W2:p2aw3:oap:_2p2

—-p p O
T = a 0 a
a 0 —a
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VNLS rational solutions 4 (A = X2 # A3)

Figure: ke =i,gq=0,a1=1,a0=0,51 =S = —1,f=0.1,
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VNLS rational solutions 5 (A1 = A2 # A3)

ool [REC

Figure: ke = i%3,,q=0,ay = 1,80 = 05,5 = s, = —1,f = 0.1/
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VNLS rational solutions 6 (A1 = A2 # A3)

Dol

Figure:

k:=4876+5343i,g=1,a1=2,aa=5,81 =S =—1,% =1,y =v =0
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VNLS rational solutions 7 (A1 = A2 # A3)

el

Figure:
ke =—-5.600+4.655/,g=1,a1=2,8=5,81=S=1,12=1,11 =73 =0
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VNLS rational solutions 8 (A1 = A2 # A3)

Oy

Figure: ke = —1.242 + 0.636/,g = 1,81 = 2,8, = 2,8 = —1,8 = 1,7 =
1,v9=793=0
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other integrable equations

3 wave resonant interaction equations

Eit+ViEi, = EgEg
Esi + VoEsy = —E1* E{;
E3t + V3E3X = E1* ES

Massive Thirring Model equations :

iUg —vV = 1vj2Uu
iv,-vU = U2V

(95281—1—08)( , 877:@—08,(
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