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Motivation & Background

- Detailed studies of line soliton interactions of the KP Il equation
which describes Z2-dimensional weak nonlinear shallow water
waves (Kodama and his collaborators, 2003~)

- Line soliton interactions of the Davey-Stewartson (DS) system
which describes 2-dimensional weak nonlinear deep water waves
haven't been studied much.

- Develop a numerical method to study DS line soliton interactions.

- Study dark line soliton interactions of the defocusing DS I
system(hyperbolic-elliptic) by using the theory based on tau-
functions and numerics.



Davey-Stewartson(DS) System

<DS system> (Davey & Stewartson 1974)

WUt — O1Ugy + Uyy — oo|ul?u — 4o ud, = 0

1
0-1¢:mf; -+ ¢yy + 50-2(|u‘2)a: =0

+1—— DS Il (hyperbolic-elliptic type)
01 —

-1 —— DS | (elliptic-hyperbolic)
09 determines focusing and defocusing.

In this talk, we focus on the defocusing DS Il system.
01 — 1, O9 — 1



Line soliton solutions of the DS system

Find line soliton solutions for DS system by using Hirota bilinear method.

WUt — O1Ugg + Uyy — oo|ul*u — doug, =0
1 :

0 — pogei(kx—l—ly—wt—l—ﬁo)

f

- Bilinear equations
(iDy — 2iko1 Dy + 2ilDy — 01D2 + D2)g - f =0

(01D, + D — 02p3) f - f + 020599 =0




1-soliton solution of the DSII system

=14 PT+ay— Q46 g=1+ oeP®+ay—Qt+6° g =1+ o ePT+ay—Qt+6°

) )

_ 201kp —2lq + 1(o1p? — ¢°) + 0
~ 201kp — 2lg —1(o1p? — ¢2) +

V(a2 — )02 — ) (p? + ¢2) (20203 — 01p% — ¢?)
o1p? + ¢

)= —201kp + 2lq +

pr+qy—Qt+6°
i(kx+ly—wt+£0)) 1+ ae

1 + epzt+qy—Qt+6°

: — Ot +6°
ul? = pg - 2L ;q sech? P4 2 T

U= poe

2
2 |, 2 _
Depth p3 -1 Dark soliton
............... e
bo = Psech? PX T 1Y i Amplitude A




Z2-soliton solution of the DSII system

= po%ei(kx—l—ly—wt—l-fo) ¢ — (lOg f):c

f=14e" 4 e 4 Ajpefrt?2

g =1+ e’ + aze” + ajap Appe” 7

g =14 ote” +ake” + atafAe®r T

201kp; — 2lq; +1(o1p? — ¢2) + L 0O (0)
— 201 kp; — 2g; — 1(01p? — ng) T Q, ? 9@ — DiL + q:Y ta =+ (97,

)

w=—o1k*+1°+ 02,03

ZC]1) + \/_(CJ% - Ulp%)Q(mp% =+ q%)(q% — 2p(2)0'2 + Ulp%)

o1p] + ¢
Vv — (a2 — 01p3)? (0103 + ¢2) (43 — 2pko2 + 01p3)
013 + 43

Ql = —2(0’1]’6])1 —

QQ = —2(0’1]6]?2 — ZQQ) +



o1 =1,00 =1 (DSIl defocusing)

A V(02 —q3)2(p3+43)(2p3—p3—a2) (p3—43)2 (P3+43) (202 — P2 —q2)+(pT —a7) (P53 —a3) (P +43) (P5+43) —2p5 (P1P2+q192))
12 = VvV (P2—a2)2(p3+43) (202 —p2 —q2) (P2—a2)2 (P2 +43) (22 —p2—a3)— (PT—a?) (P3—a3) (P2 +4q?) (P2 +43)+2p3 (P1P2+4q142))

(when & in 21,2 are same signs)

or

Aoy — V(P2 —a3)2(p7+47) (205 —pi —a7) (P5 —43) 2 (P3+43) (2p5 —P5 —a5) — (P1 —a3) (P —43) (PE +47) (P3+45) —2p5 (P1P2+4142))
2 VP ) 2R P4 03— 3) 03+ 3) 203 —P3—a3) + (07 —4?) (13 —43) (3 +42) (D3 +43)+203 (P1p2 +4102))

(when + in ., are different signs)

Remark:
When a soliton inclined 45 degree from y-axis appears

(.e., p1==*q1,p2==%q ),
Ao changes Its property.




KP equation

(dup 4+ 66Uy + Uggr )z + FUyy =0

+ u(z,y,t) = 2(log 7(, Y, t)) 2
(4DyDy + Dy +3D2)7 -7 =0
Z2-solution

T=1+ 691 + 692 + 312691+92
(K¥ — K%)? — (tan; — tany)
(K{ + K3)? — (tany; — tan )

0; =K+ KY —Qjt+6,

By =

1 69 .
:Kf(ac%—ytanwj—Z((Kf)2+3tan¢j)t+K—‘7x) (7
KY I !
J

dispersion relation
Dk p (95, K;) := —4Q K7 + (K7)* + 3(KY)* =0



2-soliton solution of the KP equation

T=1+e" +e” + Bipe” T 0: = Kjw+ Ky — it
(K{ — K3)* 4+ 3(K{ — KJ)* — 4(K{ — K3)(Q1 — Q2)
(KT + K§)* +3(K{ + KJ)? —4(K{ + K3)(Q1 + Q22)
_ _DKP(Q1 — Oy, K¥ — K5, K{ — KJ)
Drp( + Qo K¥ + K, K{ + KJ)

Dk p(9;,K;) := =40, K7 + (K7)* + 3(KY)* =0

Bia = —

B15 must be non-negative for the existence of a non-singular solution.

1 (tanvy; — tanwg)Q < (K{ — K§)2 < (KY +K§")2
= 0< Bio <1

2  (K{ - K3)? < (tanyy —tany)? < (KT + K3)° = | B1o < 0

3 (KT — K5)? < (KT + K3)? < (tant, — tantpp)? = D<1<K B12

In 2 |, the above 2-soliton solution becomes singular.



Angle dependency of KP 2-soliton solution

_

L'\"—5o"";""'
~2F

- o,

N = O

-~ 00 — C O O - O

0 = — log Bjo

Horizontal axis is the angle of 2 solitons.
(Amplitudes of solitons are constant. )



Wronskian form of KP line solitons

o R "
(N—1)  (N-1)
1 N )
af;  9f; ofi _ 0°fi
oy  0x2 ot Ox3
M
filw,y,t) = aijEj(x,y,t) ,  Ej(z,y,t) = ki Ttk y—kjt+0;
j=1

i=1,--- N<M

i T(x,y,t) = Z Amy, - ,my)We(Emy, - Emy)

I<mi<---<my<M

N
Wi(Emys s Emy) = H (kmr_kms)HE
j=1

1<s<r<N

Binet-Cauchy formula

: 2y—k3
Ej — e(ij_'_kay kyt) , kl < k2 < e <& ]fM

A(my,--- ,my) : a determinant of selecting columns my,:-- ,my
of A= (aij)hi<i<ni<j<m

A-matrix determines non-negativity of tau-function and types of soliton interactions



KP equation
P-type 2-soliton solution

2x2 matrix (a, b are positive )

Asypmtotic solitons: [1,4]-soliton and [2,3]-soliton.

(4321)

L 4

chord diagram



KP equation
T-type 2-soliton solution

2x2 matirx (a,b,c,d are positive, ad —bc >0 )

A:(é 0 e —bd) 6term>

T = (k2 — k1)€9(1’2) + (k‘g — kl)aee(l’g) -+ (k4 — kl)b€9(1’4)
(kg — ka)ee? D) 4 (ky — ko)de?®Y + (kg — k3)(ad — be)e? 3D
Asymptotic solitons: [1,3]-soliton and [2,4]-soliton.

(341 2)

This appears when Z2-soliton
solution by Hirota method becomes singular.,




KP equation
O-type 2-soliton

2x2 matrix (a, b are positive)
1 a 0 O
A= ( 0 1 b )

7= (k3 — kl)ee(l’?’) + (kg — kl)be€(1’4) + (k3 — kg)aee(Q’S) + (kg — kg)&b@9(2’4)

Asymptotic solitons: [1,3]-soliton and [2,4]-soliton

(2 1 4 3)




KP SOLITON INTERACTION

66 P [TiO

0>




Angle dependency of DS |l 2-soliton solution

] singular
TN

10

....... N

-150 -100 -50

5: —1ng412 _ p1=2,91 =0,p2 =cosV¥,qgy =sinV¥
Horizontal axis is the angle between 2 solitons.
(Amplitudes of solitons are constant. )



DSII Soliton Interaction

* [here exists two regions in which DS Il 2-soliton
solution becomes singular. In these regions, what
kind of soliton interactions appears?

* [nvestigate Z2-soliton interactions by numerics when
the angle between 2 solitons Is increased.

40F

201

_20_

—40t




A numerical method for DSl system
Split-Step Fourier method

<Linear part>
WUt — O lUgy + Uyy =0 -+ O

<Nonlinear part>
( Uy — Jg\u\zu — 4o01udp, = 0 S @

1
Nboat Syy + 502([uf)e =0 0 (D)

White & Weideman 1994 : Numerical methods for DS2 lumps and
DS1 dromions



White & Weideman’s Algorithm

<Linear part>
Uk = Z Zamnei(umxﬁvnyk)

A

Fourier transform of ©® = — (u? = vH)amn =0

R

A (t 4 At) = exp (—i(1® — 1)) amn (t)

<Nonlinear part>
|ujk‘2 _ Z Z bmne’i(ﬂmxj+unyk) dir = Z Zcmnei(umxj+unyk)

: 9 9 B 1 B _ 7',um,bnzn
Fourier transform of @ = (7, + v3)cmn — 5ittmbnn =0 =>  Cmn 202 + 12

2
(Gin)e = Z Z o Cra € @3 TV Y)

v

2 = w(t + At) = u(t) exp (—i(|u|* + 4¢4))




Window method

* A technique to adjust boundary.
* Introduce a window function.

* Example of window functions
w(z,y) = 10" 25225 1" 4 (g =G -

* Height 1 around center, quickly decreasing
at boundary.

* Dewindowing:
for exact solution v, numerical solution u’

u=(1—w)v+wu

*Our numerics use a=1.1, n=30.



Z2-soliton

Angle: 1 5 degree, A12 = (0.0136
Pa u|




Z2-soliton

Angle: 40 degree Ao = —0.4037

ba ul




Z2-soliton

Angle: 50 degree A5 = 0.5927
Qba: u




Z2-soliton

0954

130 degree

Angle

Da

2N




Z2-soliton

Angle: 150 degree A9 = 1.5560

¢az U




Determinant solution of DS i

Find a determinant form of N-soliton solution of DS II.

For 1-soliton solution of DS I, set

D= V2pgcos Usin® = 'OT(SiIlSOi — sin ;)

0
o

— /200 sin Usin ® = — 2 (cos ; — COS ;)
q Po \/5( » ©5)
P

\Ij:@i‘F@j, o Pi— Cipg =2
9 2 7 e -
Yi, @i Nnew parameters

For simplicity. We can use
scale transform for other values.

()=

Q4 = —2v2ksin ; — 2v/21 cos ¢; + 2v/2k sin i + 2v/21 cos @; + 2|sin2p; — sin 2¢;|,
O_ = —2v/2ksin ¢; — 2v/21 cos p; + 2v/2k sin i + 2v/21 cos @p; — 2|sin 2¢p; — sin 2¢p;|,



Set

-1

1

—2v/2k sin ©; — 2v/21 cos ©w; + 2sin 2¢p;
—2v/2k sin @; — 2v/21 cos p; — 2sin 20p;

—2v/2k sin ¢; — 2v/21 cos p; — 2sin 2¢p;
—2v/2k sin ; — 2v/21 cos @; + 2 sin 2¢;

Q_|_:
() =

if
if

if
if

sin 2¢p; > sin 2p;
Sin 2¢p; < sin 2¢;

SIn 2¢; > sin 2p;
SIn 2¢; < sin 2¢p;



I-soliton solution using new parameters:

W(kz+ly—wt+£(9)) 2

f

U 5] = 2e ¢ = (log f):c , 0; = V2x sin ; — V2y cos p; — w;t + 9,(,0)

: . - 9’L+1 7 9+1 ] Qi— i 0, — ;
/ = aq1€% + aq9e” , g = aie 7t a1e T gt = ag1e” T 4 aqpe”i T

w=—k+1°+4

’
w; = —2v/2k sin Qi — 2/21 cos @; £ 28in 2¢p;

v

/\u 2 = 4 — 4sin? SOi;gpjsechQ \/Z(x+ytan\1/_0t_3;(0)) \

iog)]
¢» = Asech®*VA(z +ytan ¥ — Ct — z(0)

2

)

A:(singpi—singoj) ,\Ij:goingoj’C: 0

\ 2 2 V2(sin @; — sin ;) /

Depth of dark soliton
4 — 4sin2 2L F




<2-soliton solution>

Write 2-soliton solution in determinant form: ( —7 < ¢ < s < Y3 < s < 7T )

cp_ [T e
f=rrr=1 0
2 2
0y e g®
_ 5) 1 1
g=T2"= 1% (3
2 2
(—2) (=2) i)
g =7 T =hH =)
2 2

4
w(n) _ aijex/ia: sin ¢ ; —v/2y cos g —w,t+nip;
i § :

g=1

+i-1
7 = D) s

w=—k*+1°+14 , wz-=—2\/§ksin<pi—2\/§lcos<p,~i23in2<p,;

This can be obtained by the redcution of KP Wronskian solution.



Case l<P-type>

Use P-type A matrix for KP:

ai2
a2

ais
a3

ajiq
a24

)=

1 0 O
0O 1 a

—b
0

) a,b>0
9

42-40 1

chord diagram



Case?2 <T-type>
Use T-type A matrix for KP:

A:(all %12 13 ‘”4):(1 0 —c _d) a,b,c,d >0, ad— bc > 0,

a21 Q22 0A23 0A24

-40 -20 0 20 40

chord diagram

Remark : There is a region in which soliton interaction is similar to P-type, we call this P 2 -type.



Case3<O-type>
Use O-type A-matrix for KP:

A — (all ai2 413 CL14> _ (1 a 0 O) a.b>0, | Ay = SinTsinT
) P3—P2

a21 Q22 @23 Q24 0 0 1 b

chord diagram

40 " _40

Remark : There is a region in which soliton interaction is similar to P-type, we call this P 2 -type.
There is a region in which soliton interaction is similar to T-type, we call this T2-type.



Angle dependency of 2-soliton solution

DS Il (Hirota form) KP

P 12
i p2 o ;P T. 0O

N1

ISR ;

150 -100 -50 L &0 100: +150

p1=2,q1 =0,p2 =cosV¥,qgy =sinV¥



Determinant solution of DS I

-150 -ToQ, -50 [ i 50 i 400 150

PT] O

Hirota form for DS Il

~150 -100 -50 [ i 50 100 150

Numerial experiments

0PTE P2 T2 O



Angle dependency of DS Il 2-soliton solution

for small depth

-150 -100




Soliton Reconnection

(Theory : Nishinari, Abe, Satuma 1992)
(1 = —0.51m, 19 = —0.2m, 13 = 0, 47,04 = 0.97, pg = 2)

2 soliton resonances

01+ 4+ 692-|-i¢2 4 693+i¢3 + 6944-75?,04

g—2=¢c
0. = v/2x sin V; — \/iy COS Y; — (—2\/5/{ sin 1); — 24/21 cos Y; + 2sin 24;)t + 9?



Summary

. Developed a numerical method for DS |l dark line solitons,

. Investigated dark line soliton interactions of DS |
theoretically and numerically.

- Future problem : Develop a theory which explains all
transitions among different line soliton interactions of DS

Il by using circular chord diagrams.
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SELF-ADAPTIVE MOVING MESH SCHEME”
[FENG-KM-OHTA)

A novel numerical difference method for solving nonlinear PDEs.
This new method was obtained from integrable discretization of integrable PDEs.
Mesh points are generated automatically.

Mesh is refined around regions of large deformation.

Problem

. , How to construct self-adaptive
/ 1l moving mesh schemes
in 3 dimensions

aaail il L EL A LEILEL L E LA LR AL LI L R LA LRl R LAl LAl LRl LR LR




SHORT PULSE EQUATION

.

(A)

\I

LI

2

1.5

1

0.5
1 2 3

X

Plots of Exact Solutions (different parameters)




HODOGRAPH TRANSFORMATION

Integrable Coupled dispersionless system (Konno, Kakuhata)

0p 0
or 00X
0%
g
Hodograph transformation D

2
(%) — () <4— Conservation Law

poU

ZE:/,O(X,T)dX, P
\_ 7




DISCRETIZATION METHOD
LISk BILINEA PO ICIN S

Hodograph
Transformation

Soliton equation Soliton equation Bl .
e — |I|near equations
(WKI class) (AKNS class) q
Discretizationl
Self- adaptlve movmg Dlscrete Dlscrete
mesh scheme soI|ton equatlon b|||near equatlons

Discrete
Hodograph
Transformation



DISCRETIZATION METHOD
(USE LAX PAIRS)

Hodograph
Lax pair of Transformation Lax pair of
soliton equation soliton equation
(WKI class) (AKNS class)

Discretization

Self-adaptive moving ’
mesh scheme Discrete

Hodograph
Transformation

Lax pair of
discrete
soliton equation



LSO REELAALICIN BT AKX PO

Step 1
Consider the linear 2 x 2 system (Lax pair) for the SP equation:

ov oy

oz ’ ot ’
i A, 2 i, 2
O=—ix[ 1 % ) = ﬁ—.;?“ -2~ '?j'f\ Us |
u, —1 s — Sutu, —g5 + Su?

hodograph transformation |} ¢ = Xo + | ;fo p(X,T)dX, t=T

or or
0xX or

v=-ix[ P "), v=( 2 Tz |,
ux =P 2 T ax

Uuv, Ve,



LSO REELAALICIN BT AKX PO

Step 2:
Discretize the linear system obtained in Step 2:

Wit = Up%Pg, T V¥ ,

o [ 1 idape  —IATET
° IATEELTZE 1 4 idapy ’




LSO B ELAALICOIN BT A0 PRI

Step 3:
Discretize the hodograph transformation = = X + [3. p(X,T)dX:

k—1
T = Xo + Z ap; .

§=0

xj IS a lattice point, a mesh interval is defined as 6, = xx+1 — k. By
the discrete hodograph transformation, 4 and p satisfy the relation
d0r = apy. Using this relation, the Lax pair is rewritten as

14+ Af, ATEHLTTE
Uk — ( )‘uk+1—uk 1 ;6 ’
a - k

1 uh

—_ 4\ 2
Vi = up 1 .

2 4\




LSO B ELAALICOIN BT A0 PRI

Step 4
The compatibility condition gives

2 2
—Upy 1 T Up
2

Ordr =

’

U1 T Uk
2 L ]

Or(uk+1 — uk) = Ok

With the hodograph transformation 0x = Tr+1 — Tk
(. = Xo + Y, 8;), this system gives a semi-discrete analogue of

the SP equation. The set {xk, ur} gives solutions.



NUMERICAL SIMULATION (FM02014)

1] 1 I ] 1 ! 1 1] L) L] | | | 1
-
[ e ? -
| = Fas -
-
>
+ T ?
= - -
= o
PR S
|
Lse 1
o
“
- .o 1 * -4
- (&
® -»
.-
- - - - +T
e :
- * * —
f 2 o ¢
- -~ . — " 1
- n -
o 'Y S :
hd % A
ey * ™
‘4 ,
> + >
J w’ m
A X EEETLEELEEE. AT T E L E I L R L L L R R L R R L R R R R R L R R R R R R L R R R L L R L L
RAAA22000000MM 2805555555500 29955555 5855553959959 999555559085%9589959%9%9%% %y
1 1 \, 1 1 | 1 1 1 1 | 1 1 1 1

mesh points

Time evolution ==§ improved Euler method



WHY DOES A SELF-ADAPTIVE MOVING MESH
SCHEME WORK WELL?

Discrete conservation law

O = apr = Tg41 — Tk is a conserved density.

v

If uzﬂ = u%, 0} decreases. == Mesh is refined.

If uiJrl < ui, 0. increases. =P Mesh is de-refined.



SELF-ADAPTIVE MESH SCHEME
OF HUNTER-SAXTON EQUATION (FENG-OHTA-KM 2010)

2
Ween > 26 W, B 200 ., — U

all 02 2
~(Inp)xT = , sinh-Gordon equation
2 20

\ PT = Wx )

< Hodograph
xZ/w(X,T)dT=X0+/ pX,T)dX, t=T transformation

(at o wa:z:)(]- s w:r;a’;) e _2wx(]— S w:r;a:‘) Hunter-Saxton eqg.
/Discretization 2N

<wk+1 — Wk WE — wk_1> (Sk 2&2 5k—1 2&2

O b D b Dy

\ Ao — Wiy Wp /

k—1

==t}




SELF-ADAPTIVE MESH SCHEME
OF CAMASSA-HOLM EQUATION

2
Wi + 2K Wy — Wige + SWW; = 2WeWeg + WWeyy

& o 2 b 0

5(11& p)XT = 5 - 5 deformed sinh-Gordon equation
E (1-parameter deformation)

VOT:UJX )

X
l = /w(X, Lol ==X —I—/ p(X,T)dX’ t=1T I_'IOCIOng.h
transformation

(Or + w0y (-1— S ’wm> = —2w, (—1— e wm> CH eq.

C C

. . . Wr+1 — Wk
/Dlscretlzatlon Ox_, Pr =

e 2(1 e b

* T T ag)es® 29 1 (1 —ac)’
2 2 51{: (Sk 4&262
a(wkﬂ — Wg) — e (W — we-1) = o (W1 +we) + — (1 o
51{:—1 5k:—1 ( 4&262)
I I e 1—

\ 2 c o

k—1

=0



SELF-ADAPTIVE MOVING MESH SCHEMES
FROM A GEOMETRIC POINT OF VIEW

Self-adaptive moving mesh schemes can be interpreted as
equations describing a motion of discrete curves.

Equations in the mKdV hierarchy describe a motion of a
continuous curve, and the space variable corresponds to an arc-
length parameter and the dependent variable corresponds to

curvature. |agrangian description

Equations in the WKI hierarchy (e.g. short pulse equation)
describe a motion of a continuous curve in Cartesian

coordinates. Eylerian description



SOLITON EQUATIONS AND MOTION OF A CURVE

Goldstein& Petrich 1991

A curve y(s), s: arc length parameter.

9 cos 6 “

Tangent vector T = I = { o i [\/T
Normal vector N = [ (1) _01 ] = [ —C(S)isneﬁ ] ; ) s Yi(v)
0 = 0(s): an angle function

The Frenet equation

0 e L= (T7 N)7

—F=F ;

0s =0 90

K = 3. a curvature
S



SOLITON EQUATIONS AND MOTION OF A CURVE

Consider the time evolution

%7(8, t) =g(s,t)T(s,t) + f(s,t)N(s, 1)

A non-stretching condition (isoperimetric condition) g; = fk

v

9, 0 =
—F =F -
ot g 0
The compatibility condition gives k; = (fs + gk)s
Set f = —Kky — g = “22 >/1t—|—g/<:2/<;3—|—/£58520.

mKdV equation




SOLITON EQUATIONS AND MOTION OF A CURVE

Describe the motion of a curve in the Cartesian coordinates

(%,v)
(an Eulerian description of the motion of a curve):

o= | 500 |= [ ey | /\/

In the mKdV curve,

write down geometric quantities
in terms of v, x, t.

/UCUCU

Vg = —
: ((1+v§.)3’

> (potential) WKI elastic beam equation



SOLITON EQUATIONY AND MOTION OF A DISCRETE CURVE

Doliwa & Santini 1995, Inoguchi-Kajiwara-Matsuura-Ohta 201 |

A discrete curve v; = v(s7)

Taneent veetor Bp— == L ol s B
Ty aj aj
k=0 =
Ly e RS (0
aj sin vy
X X1
The discrete Frenet equation
1 = N

COS K] — SIN Kj
SIN K COS K] T; 1 T; =cosk

Fii1 = F




SOLITON EQUATIONS AND MOTION OF A CURVE

Consider the time evolution

0
o e PN
at% T + fiN;

A non-streching (isoperimetric) condition g; 11 cos k; — g; = fi11 sin K

* Al g
o B 0 @n By ke Cosm)_
—F = F aj

ot 9141 8in K+ fi41 cos K — fi 0
aj

drg o Apg A

The compatibility condition gives ~j;; —

aj+1 aj

Set fl e U = _tan%a gi = ]—7 O e O Mg % e %(1 _I_ul2)(ul—|-1 e Ul_l)

semi-discrete mKdV equation




EXPRENMON IN THE CARTESIAN COORDINATES

Describe the motion of a discrete curve in the Cartesian coordinates

(X1, ur)

(an Eulerian description of the motion of a discrete curve):

| csin @) Yo

In the semi-discrete mKdV curve, : ,
write down geometric quantities . o
in terms of ¢, X ¢

v

dXys Xy A el O 2u; + U1

o a a  Xi1—2X;+ X; 1 The semi-discrete (potential)

dvp _ Vg1 — v . Xip1 — X v —2u+vu-1 WK elastic beam equation
dt a a N SN :




SELF-ADAPTIVE MOVING MESH SCHEME
OF THE WKI ELASTIC BEAM EQUATION

The system can be rewritten into

\

( d5l {(0F 0y b O
S - G G

Uil — 20 F U
0 01

(Sl e Xl_|_1 e Xl, Gl ==

Feng-Inoguchi-Kajiwara-KM-Ohta 201 |



VORTEX FILAMENT

Local induction approximate (LIA) equation

(Da Rios 1906) unit binormal vector
axX < [ ] ¥
= — = llue | = gD
8?5 47’(’ : O : \
l renormalize curvature

(Xt — K)BJ—’ Xt = XS X XSS X: a position vector on a vortex filament




VORTEX FILAMENT IN NATURE

Aref & Flinchem
JFM 1984

=~ soliton

Freure 1. Two photographs of a tornado near Braman, Oklahoma (11 May 1978) showing a distinct
large-amplitude localized twist of the vortex core. Photographs by T. Goggin, Newkirk Herald
Journal (reproduced with permission).



NUMERICAL SCHEME

Aref & Flinchem, |FM 1984
an L Xn—l X Xn = Xn X Xn_|_1 E Xn_|_1 X Xn—l

dt (AS)3

This scheme does not possess integrability.



PDES DESCRIBING VORTEX FILAMENTS

Hashimoto Nonlinear Schrodinger equation

LIA equation transformation 1
% % ow | it e+ 2 [P + A ] 9 =0

Hashimoto W i f / /
[transformation Bia)s nln i exn [Z/o a0 & ] J

Integrate w.r.t. s

1 — X

Gauge Transformation

A lioaule o

Heisenberg ferromagnet equation




VORTEX FILAMENT

2
2D projection of VF soliton

forms loop soliton

W arclength parameter}
S
AL o
Y
<

Cartesian coordinates



PDES DESCRIBING VORTEX FILAMENTS
E e . /O B ds'U

ransformation
LIA €q uation Nonlinear Schréljdinger equation
Xt:XSXXSS Z¢t+¢ss+§“¢‘2+A(t)]¢:O

Integrate w.r.t. s : Lt
(Konno-Mitsuhashi-Ichikawa)

il —X. Hodograph transformation
= /S n % =
" el
I ¢ =zx+ 1y
Ty =T X T Complex WKI equation
Heisenberg ferromagnet equation i®, + sen (%) o, 2
X(?j) g5 ) N LElo 2



Semi-discrete NLS and Heisenberg ferromagnet equation

/Semi-discrete NLS equation (Ablowitz-Ladik) .
: d \Ijn—l—l e Z\Ijn i \Ijn—l 2
i - LG Ay

e 7

v

" Semi-discrete Heisenberg ferromagnet equation (Ishimori 1982) )

d 2
— 1T, = €, x Tn—|—1 L1 <Ly

CL2 (1 T Tn g Tn—l—l)
Gl Al i

a? (1 St Tn—l : Tn)

n

J

i Xn—|—1 _Xn e Xn—|—1 _Xn
- ‘Xn—|—1 e Xn' a :

Xy = ZTn€s + Yn €y T Zn€z,




SPACE DISCRETIZATION OF
THE COMPLEX WKI EQUATION

Set B ap Un

/ i(I) i 21 [(Zn = Zn—l) ((I)n—l—l = (I)n) P ((I)n o5 (I)n—l) (Zn—l—l S Zn)] \
dt - a X X X X
d__ 2[@n = Tn1) Wnt1 = Yn) = Wn = Yn—1) (Tnt1 — Tn) ]

\ dr o bIXy X)) (X0, X )

Self-adaptive moving mesh scheme for a vortex filament

dependent variable(complex) independent variable(mesh point)



SOLITON ON A VORTEX
FILAMENT (NUMERICAL RESULT)

=
<> =
/’f- S R ./?._—
\\\;u/ \\\_v)
0 0
y " 4 8
2 vortex solitons 3 vortex solitons

Time discretization: Leapfrog method



SOLITON ON A VORTEX
FILAMENT (NUMERICAL RESULT)

T C . /ﬁ
(

2 vortex solitons: head-on collision 3 vortex solitons



How to make self-adaptive moving mesh schemes in 3D curve
2

(xnyynazn)

il

Define a complex function

<y, :mesh point




L COMIEEE X SHCIRE B S FOIUIAEILIIN

1
Ut — U -+ §(|U‘2U/z)z

* Space discretization

F-M-O 2014

Set
e = L 0 =

v



INUPIERIC AL S AICOIN PO

COMELEX SO AR I

|

T

Complex SP can be interpreted as an equation of motion of curve in 3D space



SUIMMARY

We found a systematic method to create self-adaptive moving
mesh schemes in 3-dimension.

Keys to construct self-adaptive moving mesh schemes:
Conservation laws and hodograph transformations.

Future problems: Construction of self-adaptive moving mesh
schemes for (2+1)-dimensional PDEs.



