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Motivation & Background
• Detailed studies of line soliton interactions of the KP II equation 
which describes 2-dimensional weak nonlinear shallow water 
waves（Kodama and his collaborators, 2003～） 

• Line soliton interactions of the Davey-Stewartson (DS) system 
which describes 2-dimensional weak nonlinear deep water waves 
haven’t been studied much. 

• Develop a numerical method to study DS line soliton interactions.  

• Study dark line soliton interactions of the defocusing DS II 
system(hyperbolic-elliptic) by using the theory based on tau-
functions and numerics.



<DS system> (Davey & Stewartson 1974) 

　 

                 +1̶̶ DS II (hyperbolic-elliptic type) 

        　      -1 ̶̶ DS I (elliptic-hyperbolic） 

     　 determines focusing and defocusing. 

In this talk, we focus on the defocusing DS II system. 

Davey-Stewartson(DS) System
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Find line soliton solutions for DS system by using Hirota bilinear method．

Line soliton solutions of the DS system
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　1-soliton solution of the DSII system 
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(when    in        are same signs）
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KP equation
u(x, y, t) = 2(log ⌧(x, y, t))
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2-soliton solution of the KP equation
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 must be non-negative for the existence of a non-singular solution. B12

, the above 2-soliton solution becomes singular.
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Angle dependency of KP 2-soliton solution

Horizontal axis is the angle of  2 solitons. 
(Amplitudes of solitons are constant. )
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2×2 matrix (a, b are positive ) 

Asypmtotic solitons: [1,4]-soliton and [2,3]-soliton. 

KP equation 
P-type 2-soliton solution
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2×2 matirx (a,b,c,d are positive,                  ) 

Asymptotic solitons: [1,3]-soliton and [2,4]-soliton. 

KP equation 
T-type 2-soliton solution

A =

✓
1 0 �c �d
0 1 a b

◆

⌧ = (k2 � k1)e
✓(1,2) + (k3 � k1)ae

✓(1,3) + (k4 � k1)be
✓(1,4)

+(k3 � k2)ce
✓(2,3) + (k4 � k2)de

✓(2,4) + (k4 � k3)(ad� bc)e✓(3,4)

6 terms

This appears when 2-soliton  
solution by Hirota method becomes singular．

(3 4 1 2)



2×2 matrix (a, b are positive) 

Asymptotic solitons: [1,3]-soliton and [2,4]-soliton 

KP equation 
O-type 2-soliton
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KP SOLITON INTERACTION
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Angle dependency of DS II 2-soliton solution

� = � logA12

singular

p1 = 2, q1 = 0, p2 = cos , q2 = sin 

Horizontal axis is the angle between  2 solitons. 
(Amplitudes of solitons are constant. )



DSII Soliton Interaction
★ There exists two regions in which DS II 2-soliton 
solution becomes singular. In these regions, what 
kind of soliton interactions appears? 

★ Investigate 2-soliton interactions by numerics when 
the angle between 2 solitons is increased.



A numerical method for DSII system ： 
Split-Step Fourier method

<Linear part> 

<Nonlinear part> 
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Window method
★ A technique to adjust boundary. 

★ Introduce a window function. 

★ Example of window functions 

★ Height 1 around center, quickly decreasing 
at boundary.  

★ Dewindowing:                                                    
for exact solution v, numerical solution u’ 

★Our numerics use a=1.1, n=３0．
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 2-soliton 
    Angle:15 degree,
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2-soliton 
    Angle: 40 degree 
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2-soliton 
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Determinant solution of DS II

For 1-soliton solution of DS II, set  

　　 

⇢0 = 2

⌦

Find a determinant form of N-soliton solution of DS II．

For simplicity. We can use  
scale transform for other values.
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<2-soliton solution> 

Write 2-soliton solution in determinant form: (　　　　　　　　　　　　　　　)　　 
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Case1<P-type> 

Use P-type A matrix for KP: 

A =
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A =
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◆
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chord diagram

Case2 <T-type> 
Use T-type A matrix for KP:

Remark： There is a region in which soliton interaction is similar to P-type, we call this P２-type.



Case3<O-type> 
Use O-type A-matrix for KP: 

A =

✓
a11 a12 a13 a14
a21 a22 a23 a24

◆
=

✓
1 a 0 0
0 0 1 b

◆
a, b > 0,,

chord diagram
Remark： There is a region in which soliton interaction is similar to P-type, we call this P２-type. 

There is a region in which soliton interaction is similar to T-type, we call this T2-type．
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Angle dependency of 2-soliton solution

DSⅡ(Hirota form) KP
P T OP

T
O

P2
T2

p1 = 2, q1 = 0, p2 = cos , q2 = sin 



Determinant solution of DS II

Hirota form for DS II

P

P T

T O

OP2 T2

Numerial experiments



Angle dependency of DS II 2-soliton solution
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Soliton Reconnection 
(Theory：Nishinari, Abe, Satuma 1992)

( 1 = �0.51⇡, 2 = �0.2⇡, 3 = 0, 4⇡, 4 = 0.9⇡, ⇢0 = 2)
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Summary
• Developed a numerical method for DS II dark line solitons, 

• Investigated dark line soliton interactions of DSⅡ 
theoretically and numerically.  

• Future problem：Develop a theory which explains all 
transitions among different line soliton interactions of DS 
II by using circular chord diagrams. 
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SELF-ADAPTIVE MOVING MESH SCHEME”  
  (FENG-KM-OHTA)

A novel numerical difference method for solving nonlinear PDEs. 

This new method was obtained from integrable discretization of integrable PDEs. 

Mesh points are generated automatically. 

Mesh is refined around regions of large deformation.

Problem

How to construct self-adaptive 
moving mesh schemes 

in 3 dimensions



SHORT PULSE EQUATION

u
xt

= u+
1

6
(u3)

xx

Plots of Exact Solutions (different parameters)
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DISCRETIZATION METHOD  
(USE BILINEAR EQUATIONS)

Soliton equation
(WKI class)

Soliton equation
(AKNS class)

Bilinear equations

Discrete 
bilinear equations

Discrete 
soliton equation

Self-adaptive moving 
mesh scheme

Hodograph
Transformation

Discrete
Hodograph 

Transformation

Discretization



DISCRETIZATION METHOD  
(USE LAX PAIRS)

Lax pair of 
soliton equation

(WKI class)

Lax pair of 
soliton equation

(AKNS class)

Lax pair of 
discrete 

soliton equation

Self-adaptive moving 
mesh scheme

Hodograph
Transformation

Discrete
Hodograph 

Transformation

Discretization



DISCRETIZATION BY LAX PAIRS



DISCRETIZATION BY LAX PAIRS



DISCRETIZATION BY LAX PAIRS



DISCRETIZATION BY LAX PAIRS



NUMERICAL SIMULATION (FMO2014)

 Time evolution improved Euler method

mesh points



WHY DOES A SELF-ADAPTIVE MOVING MESH 
SCHEME WORK WELL?

@T �k =
�u2

k+1+u2
k

2 ,

@T (uk+1 � uk) = �k
uk+1+uk

2 ,

Discrete conservation law
is a conserved density.

If u2
k+1 > u2

k, �k decreases.

If u2
k+1 < u2

k, �k increases.

Mesh is refined.

Mesh is de-refined.

�k ⌘ a⇢k = xk+1 � xk



SELF-ADAPTIVE MESH SCHEME  
    OF HUNTER-SAXTON EQUATION (FENG-OHTA-KM 2010)

1

2
(ln ⇢)XT =

⇢

2
� 2

⇢
,

⇢T = wX

x =

Z
w(X,T )dT = X0 +

Z X

⇢(X̃, T )dX̃ , t = T

(@
t

+ w@
x

)(1� w
xx

) = �2w
x

(1� w
xx

)

sinh-Gordon equation

Hodograph 
transformation

Hunter-Saxton eq.
Discretization

✓
wk+1 � wk

�k
� wk � wk�1

�k�1

◆
=

�k
2

� 2a2

�k
+

�k�1

2
� 2a2

�k�1
,

@T �k = wk+1 � wk ,

xk =

Z
wkdT = X0 +

k�1X

j=0

a⇢j , t = T

w
txx

� 22w
x

+ 2w
x

w
xx

+ ww
xxx

= 0

�k ⌘ a⇢k = xk+1 � xk



SELF-ADAPTIVE MESH SCHEME  
              OF CAMASSA-HOLM EQUATION

⇢T = wX

x =

Z
w(X,T )dT = X0 +

Z X

⇢(X̃, T )dX̃ , t = T

deformed sinh-Gordon equation

Hodograph 
transformation

CH eq.

Discretization

xk =

Z
wkdT = X0 +

k�1X

j=0

a⇢j , t = T

�k ⌘ a⇢k = xk+1 � xk

1

2
(ln ⇢)XT =

⇢

2c
� 2c

⇢
+

⇢

2
w

(@
t

+ w@
x

)

✓
1

c
+ w � w

xx

◆
= �2w

x

✓
1

c
+ w � w

xx

◆

@
x�1⇢k =

w
k+1 � w

k

a
,

�
k

= 2
(1 + ac)ea(⇢k�2c) � (1� ac)

(1 + ac)ea(⇢k�2c) + (1� ac)
,

2

�
k

(w
k+1 � w

k

)� 2

�
k�1

(w
k

� w
k�1) =

�
k

2
(w

k+1 + w
k

) +
�
k

c

✓
1� 4a2c2

�2
k

◆

+
�
k�1

2
(w

k

+ w
k�1) +

�
k�1

c

✓
1� 4a2c2

�2
k�1

◆

(1-parameter deformation)

w
t

+ 22w
x

� w
txx

+ 3ww
x

= 2w
x

w
xx

+ ww
xxx



SELF-ADAPTIVE MOVING MESH SCHEMES 
FROM A GEOMETRIC POINT OF VIEW

• Self-adaptive moving mesh schemes can be interpreted as 
equations describing a motion of discrete curves. 

• Equations in the mKdV hierarchy describe a motion of a 
continuous curve, and the space variable corresponds to an arc-
length parameter and the dependent variable corresponds to 
curvature.

• Equations in the WKI hierarchy (e.g. short pulse equation) 
describe a motion of a continuous curve in Cartesian 
coordinates. 

Lagrangian description

Eulerian description



SOLITON EQUATIONS AND MOTION OF A CURVE

A curve �(s), s: arc length parameter.

Tangent vector T =

@�
@s =


cos ✓
sin ✓

�
, |T| = 1.

Normal vector N =


0 �1

1 0

�
T =


� sin ✓
cos ✓

�
.

✓ = ✓(s): an angle function

@

@s
F = F


0 �
 0

�
,

The Frenet equation
F = (T,N),

 = @✓
@s : a curvature

Goldstein& Petrich 1991 



SOLITON EQUATIONS AND MOTION OF A CURVE

@

@t
�(s, t) = g(s, t)T(s, t) + f(s, t)N(s, t)

A non-stretching condition (isoperimetric condition) gs = f

Consider the time evolution

@

@t
F = F


0 �fs � g

fs + g 0

�

t = (fs + g)sThe compatibility condition gives 
Set f = �s ! g = �2

2 ! t +
3
2

2s + sss = 0.
mKdV equation



SOLITON EQUATIONS AND MOTION OF A CURVE

Describe the motion of a curve in the Cartesian coordinates 
(x,v) 

(an Eulerian description of the motion of a curve):

�(s, t) =


x(s, t)

v(s, t)

�
=

Z 
cos ✓(s, t)

sin ✓(s, t)

�
ds

v
t

= �
✓

v
xx

(1 + v2
x

)
3
2

◆

x

In the mKdV curve, 
write down geometric quantities 

in terms of v, x, t.

(potential) WKI elastic beam equation



SOLITON EQUATIONS AND MOTION OF A DISCRETE CURVE

The discrete Frenet equation

Tangent vector Tl =
�l+1��l

al
,

����l+1��l

al

��� = 1.

A discrete curve �l = �(sl)

sl =
l�1X

k=0

ak

�l+1 � �l
al

=


cos l

sin l

�

Tl+1 ·Tl = cosl
Fl+1 = Fl


cosl � sinl

sinl cosl

� Fl = (Tl,Nl)

Doliwa & Santini 1995, Inoguchi-Kajiwara-Matsuura-Ohta 2011



SOLITON EQUATIONS AND MOTION OF A CURVE

Consider the time evolution

The compatibility condition gives 

semi-discrete mKdV equation

@

@t
�l = glTl + flNl

A non-streching (isoperimetric) condition gl+1 cosl � gl = fl+1 sinl

@

@t
F = F

"
0 gl+1 sinl+fl+1 cosl�fl

al

� gl+1 sinl+fl+1 cosl�fl
al

0

#

Set fl = �ul�1 = � tan n
2 , gl = 1, al = a ! dul

dt = 1
2a (1 + u2

l )(ul+1 � ul�1)

dl

dt
=

Al+1

al+1
� Al

al

Al



EXPRESSION IN THE CARTESIAN COORDINATES

Describe the motion of a discrete curve in the Cartesian coordinates 

(an Eulerian description of the motion of a discrete curve):

In the semi-discrete mKdV curve, 
write down geometric quantities 

in terms of 

(Xl, vl)

�l(t) =


Xl(t)
vl(t)

�
=

l�1X

j=0

"
✏ cos ( j)

✏ sin ( j)

#
+


X0

v0

�

vl, Xl, t

dXl

dt
=

Xl+1 �Xl

a
+

vl+1 � vl
a

vl+1 � 2vl + vl�1

Xl+1 � 2Xl +Xl�1
,

dvl
dt

=
vl+1 � vl

a
+

Xl+1 �Xl

a

vl+1 � 2vl + vl�1

Xl+1 � 2Xl +Xl�1
.

The semi-discrete (potential) 
WKI elastic beam equation



SELF-ADAPTIVE MOVING MESH SCHEME 
OF THE WKI ELASTIC BEAM EQUATION

d�l
dt

= �vl+1 � vl
a

(Gl+1 +Gl) ,

d

dt
(vl+1 � vl) =

�l
a
(Gl+1 +Gl) ,

�l ⌘ Xl+1 �Xl, Gl ⌘
vl+1 � 2vl + vl�1

�l � �l�1

The system can be rewritten into 

Feng-Inoguchi-Kajiwara-KM-Ohta 2011



VORTEX FILAMENT

@X

@t
=

�

4⇡


log

✓
L

�

◆�
B

Local induction approximate (LIA) equation

Xt = B

renormalize

Xt = Xs ⇥Xss

unit binormal vector

curvature

X: a position vector on a vortex filament

(Da Rios 1906)



VORTEX FILAMENT IN NATURE

Aref & Flinchem
JFM 1984

soliton



NUMERICAL SCHEME

Aref & Flinchem, JFM 1984

dXn

dt
=

Xn�1 ⇥Xn +Xn ⇥Xn+1 +Xn+1 ⇥Xn�1

(�s)3

This scheme does not possess integrability.  



PDES DESCRIBING VORTEX FILAMENTS

Xt = Xs ⇥Xss

Tt = T⇥Tss

T = Xs

LIA equation

Integrate w.r.t.  s 

Heisenberg ferromagnet equation

 (s, t) = (s, t) exp


i

Z s

0
⌧ (s0, t) ds0

�

i t +  ss +
1

2

⇥
| |2 +A(t)

⇤
 = 0

Nonlinear Schrödinger equation

Hashimoto 
transformation

Hashimoto 
transformation

X =

0

@
x

y

z

1

A

Gauge Transformation



VORTEX FILAMENT

X =

0

@
x

y

z

1

A

x

y

z

s
arclength parameter

Cartesian coordinates

2D projection of VF soliton 
forms loop soliton 



PDES DESCRIBING VORTEX FILAMENTS

Xt = Xs ⇥Xss

Tt = T⇥Tss

T = Xs

LIA equation

Integrate w.r.t.  s 

Heisenberg ferromagnet equation

 (s, t) = (s, t) exp


i

Z s

0
⌧ (s0, t) ds0

�

i t +  ss +
1

2

⇥
| |2 +A(t)

⇤
 = 0

Nonlinear Schrödinger equation

Hasimoto 
transformation

i�t + sgn

✓
@z

@s

◆ 
�zp

1 + |�z|2

!

z

= 0

Complex WKI equation

� = x+ iy

z =

Z
sgn

✓
@z

@s

◆  
1�

����
@�

@s

����
2
! 1

2

ds

Hodograph transformation

X =

0

@
x

y

z

1

A

(Konno-Mitsuhashi-Ichikawa)



i
d

dt
 n =

 n+1 � 2 n + n�1

a2
+ | n|2 ( n+1 + n�1)

Semi-discrete NLS equation (Ablowitz-Ladik)

d

dt
Tn =

2

a2 (1 +Tn ·Tn+1)
Tn ⇥Tn+1 �

2

a2 (1 +Tn�1 ·Tn)
Tn�1 ⇥Tn

T x

n

T y

n+1 � T y

n

T x

n+1 = 0

Semi-discrete Heisenberg ferromagnet equation (Ishimori 1982)

T
n

=
X

n+1 �X
n

|X
n+1 �X

n

| =
X

n+1 �X
n

a

,

X
n

= x

n

e
x

+ y

n

e
y

+ z

n

e
z

,

Semi-discrete NLS and Heisenberg ferromagnet equation



SPACE DISCRETIZATION OF 
THE COMPLEX WKI EQUATION

d

dt
�n =

2i [(zn � zn�1) (�n+1 � �n)� (�n � �n�1) (zn+1 � zn)]

[a2 + (Xn �Xn�1) · (Xn+1 �Xn)]

�n = xn + iyn

d

dt

zn =
2 [(xn � xn�1) (yn+1 � yn)� (yn � yn�1) (xn+1 � xn) ]

[ a2 + (Xn �Xn�1) · (Xn+1 �Xn)]

Self-adaptive moving mesh scheme for a vortex filament

�n = xn + iyn

dependent variable(complex)
zn

independent variable(mesh point)

Set



SOLITON ON A VORTEX 
FILAMENT (NUMERICAL RESULT)

2 vortex solitons

Time discretization: Leapfrog method

３vortex solitons



SOLITON ON A VORTEX 
FILAMENT (NUMERICAL RESULT)

2 vortex solitons: head-on collision 3 vortex solitons



�n = xn + iyn

zn

(xn, yn, zn)

x

y

z
How to make self-adaptive moving mesh schemes in 3D curve

: mesh point

Define a complex function



COMPLEX SHORT PULSE EQUATION

@T �k =
�|uk+1|2 + |uk|2

2
@T (uk+1 � uk) = �k

uk+1 + uk

2

uk = xk + iyk, �k = zk+1 � zk

uzt = u+
1

2
(|u|2uz)z

Set

Space discretization

F-M-O 2014



NUMERICAL SIMULATION FOR 
COMPLEX SP EQUATION

Complex SP can be interpreted as an equation of motion of curve in 3D space



 SUMMARY

• We found a systematic method to create self-adaptive moving 
mesh schemes in 3-dimension. 

• Keys to construct self-adaptive moving mesh schemes:  
Conservation laws and hodograph transformations.

• Future problems: Construction of self-adaptive moving mesh 
schemes for (2+1)-dimensional PDEs. 


